Following recent interest in magic-angle Twisted Bilayer Graphene (TBG), we study a model of n-layered graphene with alternating relative twist angle ±θ for which flat bands and magic angles are mathematically connected to the simplest TBG case. We obtain the pattern of magic angles for arbitrary n for which a single flat band coexists with several Dirac dispersping bands at the K point. For the trilayer case (n = 3), we show that the sequence of magic angle is obtained by multiplying the bilayer magic angles by √ 2, whereas the quadrilayer case (n = 4) has two sequences of magic angles obtained by multiplying the bilayer magic angles by the golden ratio ϕ = ( √ 5 + 1)/2 ≈ 1.62 and its inverse. We also show that for larger n, we can tune the angle to obtain several narrow (almost flat) bands simultaneously and that for n → ∞, there is a continuum of magic angles for θ 2 o . Furthermore, we show that tuning several perfectly flat bands for a small number of layers is possible if the coupling between different layers is different.
Following recent interest in magic-angle Twisted Bilayer Graphene (TBG), we study a model of n-layered graphene with alternating relative twist angle ±θ for which flat bands and magic angles are mathematically connected to the simplest TBG case. We obtain the pattern of magic angles for arbitrary n for which a single flat band coexists with several Dirac dispersping bands at the K point. For the trilayer case (n = 3), we show that the sequence of magic angle is obtained by multiplying the bilayer magic angles by √ 2, whereas the quadrilayer case (n = 4) has two sequences of magic angles obtained by multiplying the bilayer magic angles by the golden ratio ϕ = ( √ 5 + 1)/2 ≈ 1.62 and its inverse. We also show that for larger n, we can tune the angle to obtain several narrow (almost flat) bands simultaneously and that for n → ∞, there is a continuum of magic angles for θ 2 o . Furthermore, we show that tuning several perfectly flat bands for a small number of layers is possible if the coupling between different layers is different.
Recently it was shown that two graphene layers twisted to a special ("magic") angle exhibit a very interesting range of correlated phenomena including Mott insulating and superconducting phases [1] [2] [3] , which has stimulated further extensive research into magic-angle superconductivity and correlated electrons states in van der Waals heterostructures . Following this remarkable discovery, there has been a vast theoretical and experimental search for other systems which exhibit similar behavior (see e.g. [33] [34] [35] [36] [37] [38] ). Finding such systems achieves two goals. First, these systems provide a new playground for studying correlated physics in a setting which have several advantages over traditional stronglycorrelated systems (easier to fabricate, richer possibilities for tuning the band structures, etc). Second, finding systems which share similarities with TBG, but differ in some detailssuch as symmetries, bands topology and interaction strength, -should provide us with deeper understanding of the correlated physics in TBG.
A distinguishing feature of the TBG physics is appearance of remarkably flat bands at charge neutrality for magic twists θ * [1, 29, 39] . The existence of such flat bands was predicted in Refs. [39, 40] using an effective continuum model for two graphene layers with twist-independent interlayer coupling. (see also [40] [41] [42] [43] and [44] [45] [46] ). In this model [39] , intra-and intersublattice hopping parameters were taked to be equal and band flattening happens at a certain sequence of magic angles for which the renormalized Fermi velocity vanishes at Dirac points. It was, however, recently realized that the effect of lattice relaxation of TBG leads to the expansion of the AB stacking regions relative to the AA regions in the Moiré pattern [47] . As a result, the intra-sublattice hopping parameter w AA is suppressed relative to the inter-sublattice hopping parameter w AB at small twists. Crucially, this results into band gap opening and even further band flattening, down to the point when the bands can in principle become absolutely flat [29] .
Although it is understood that the existence of the flat bands is important for the correlated physics, it is still unclear which feature, -the band-flattening, the single-particle gap opening, the band topology -is most decisive.
In this Letter, we report an infinite class of multilayer graphene systems which all manifest the remarkably flat bands and the corresponding magic angles patterns. In particular, we are looking for simple multilayer settings where flat bands are expected at certain magic angles and investigating whether such flat bands coexist with other flat or dispersing bands, at the same energy. Such systems, if realized experimentally, would provide a rich playground for correlated physics beyond TBG. It is worth noting that other multilayer systems studied in the literature such as ABC graphene stacked on hexagonal boron nitride or twisted double bilayer graphene do not exhibit magic angles or flat bands when realistic trigonal warping terms are included despite the recent experimental observation of correlated insulting states and superconductivity [37, 38] .
We consider a model of the alternating-twist multilayer graphene (T ± MG) for which the relative twists consecutive layers have the same magnitudes but alternating sign. In general, for a system with n graphene sheets, there will be several Moiré patterns -each one originating from the adjacent layers. The periodicity of such patterns is determined by the relative inter-layer twists, while the origin of the pattern is controlled by the relative displacement. In the TBG case [29, 39] the resulting Moiré physics is shift-independent, but in the case of a more complex multi-Moiré interference in TMGs it can be relevant. In this Letter we mainly focus on the representative case with Moiré patterns aligned so that the flat-band physics is the most pronounced but we will discuss at the end how sensitive our results are to layer misalignment. Hamiltonian. -We consider a system of n graphene layers with the -th layer twisted counter-clockwise around the a lattice cite by an angle θ and then displaced by a distance d relative to a fixed reference. Similar to the bilayer problem, the coupling between layers i and j is characterized by two parameters w ij AA and w ij AB which indicate intra-and intersublattice coupling, respectively. We take these parameters to be generally different between different layers and assume coupling takes place only between nearest neighboring layers. The low-energy description of the TGMs reads (see supplemental material for details)
where v F ≈ 10 6 m/s is the monolayer graphene Fermi velocity, σ θ = e i 2 θ σz σe − i 2 θ σz and the interlayer coupling matrix T , +1 (r) takes the form
with the Moiré potentials U ij m=0,1 (r) defined as
where q ij 1 = 2k D sin(θ ji /2)R φij (0, −1), q ij 2,3 = R ±φ q ij 1 and R θ = e −iθσy denotes the counter-clockwise rotation matrix by an angle θ, φ = 2π/3 and k D = 4π 3 √ 3a is the magnitude of the Dirac momentum in the single layer problem witth a being is the monolayer lattice constant ≈ 1.42Å. We also defined the variables θ ji = θ j − θ i , φ ij = (θ i + θ j )/2, and Moiré pattern displacement vector
In the bilayer case n = 2, the Hamiltonian (1) reduces to TBG Hamiltonian [29, 39, 40] up to the gauge transformation c i → c i e iR θ i K·di . The advantage of the form we consider here is that it makes it clear how the layer displacements d i enter the Hamiltonian by shifting the corresponding Moiré potentials. For n layers, there are n − 1 shift variables D , +1 , = 1, . . . , n − 1, one of which can be removed by redefining the origin, leaving n − 2 variables which influence the spectrum. This is the reason why the shift vectors were unimportant in the bilayer case in contrast to the multilayer case considered here.
In general, the potential (2) will generate several overlapping Moiré patterns generated by the different angles and shift vectors between consecutive layers. For most of this paper, we will focus on the case of unshifted T ± MG which corresponds to the choice θ = (−1) θ/2 and d = d such that the nearest neighboring layers are aligned and have alternating relative twists of ±θ. In this case, φ , +1 = 0, θ +1, = (−1) +1 θ, D , +1 = d and there is a single Moiré pattern similar to the bilayer problem. We also assume that the ratio between w ij AA and w ij AB couplings is layer-independent and denote it as
Assuming small twist angle θ, we can neglect the phase prefactor in the Pauli matrices σ θ → σ 1 and get rid of the angular dependence by introducing the dimensionless variables
with AB indicates the matrix is in the sublattice space. The operators D and M are given by
Here, we have rescaled the Hamiltonian so that all energies are measured in units of v F k D θ. We also rescaled the coordinates so that they are measured in terms of the Moiré length scale r → k D θr and introduced the derivatives ∂ and ∂ relative to the dimensionless complex variable z = x + iy. The potentials U m (r) are given by (3) with D ij = 0 and q ij n = R (n−1)φ (0, −1). The operators D and M act on vectors which has the form ψ = (ψ o , ψ e ) T where ψ o/e contain the wavefunctions for the odd/even layers given explicitly as ψ o = (ψ 1 , ψ 3 , . . . , ψ 2no−1 ) T and ψ e = (ψ 2 , ψ 4 , . . . , ψ 2ne ) T where n e = n/2 and n o = n/2 . The matrix W is n o ×n e layer hopping matrix and given by
Reduction to the bilayer problem. -We will now show that the Hamiltonian of the multilayer problem with n = 2 (n = 2 + 1) layers can be mapped exactly to a sum of l bilayer Hamiltonians (plus a single layer Hamiltonian). We can write the singular decomposition of W as W = AΛB † where A and B are n o × n o and n e × n e unitary matrices, respectively, and Λ is an n o × n e matrix with λ k , k = 1, . . . , n e on the diagonal and zeros everywhere else (λ k are square roots of the eigenvalues of W T W ). Applying the unitary transformation given by V = diag(A, B) in the odd/even space to the Hamiltonian (6) yields
α is the bilayer Hamiltonian with coupling parameters α = w AB /(v F k D θ) and κ and H (1) is the Hamiltonian for a single graphene layer.
A consequence of the preceding discussion is that the spectrum of the multilayer problem with coupling matrix W is given by the union of the spectra of several bilayer problems whose coupling parameters are given by the eigenvalues of the matrix √ W T W (in addition to a single layer graphene dispersion if the number of layers is odd). Moreover, the eigenstates of the multilayer problem are easily obtainable from the eigenstates of the single layer problem. This applies particularly for the case of flat bands where the eigenstates were shown to have a simple form [29] .
The chiral limit. -The chiral model for twisted bilayer graphene where the same-sublattice coupling set to zero w AA = 0 (or equivalently κ = 0 in this Letter) was introduced in Ref. [29] . It was shown that this model captures the essential phenomenology of magic angles where the different notions of flatness (vanishing Fermi velocity, minimum bandwidth, maximum band gap) all coincide due to the appearance of perfectly flat bands for special (magic) values of the dimen-
. This model is one of the simplest models exhibiting magic angle flat bands and its applicability to TBG is supported by the observation that lattice relaxation tends to reduce the size of AA regions relative to AB regions [47] , thus suppressing the value of w AA (intrsublattice coupling) relative to w AB (intersublattice coupling).
Let us first consider the standard setting where all interlayer couplings are the same α ij = α. In this case, the layer hopping n o × n e matrix W is given by
The eigenvalues of √ W T W can be easily computed for any number of layers n and they are given by λ k = 2 cos( πk n+1 )α, k = 1, . . . , n e . Thus, the T ± MG with n layers has n e sequences of magic angles given by
where α (2) is the sequence of magic angles in the bilayer problem. This sequence was computed in [29] as α (2) = 0.586, 2.221, 3.75, 5.276, 6.795, . . . . The sequence of magic angles can then be easily computed for any n as shown in Fig. 2 for n up to 6.
It should be noted that the mapping to the bilayer problem can also be used to explicitly write the wavefunctions of the multilayer system in terms of their bilayer counterparts. For the eigenvalue λ k , the corresponding eigenfunction for all lay- The magic angle parameters αi = wAB/(vF kDθi) designate the twists under which the lowest bands become perfectly flat. For each n, there are n/2 sequences of magic angles (denoted by different colors) obtained by dividing the bilayer magic angles by 2 cos πk n+1 , k = 1, . . . , n/2 as illustrated schematically in the lower panel. ers = 1, . . . , n is given by
normalized as n =1 |ψ (k) (r)| 2 = n|ψ tBG α k (r)| 2 . For the trilayer case (n = 3), the only eigenvalue of
Eq. 10 implies that the system is equivalent to the sum of a bilayer problem with coupling √ 2α and a single layer problem. As a result, we can immediately read off the magic angles, where a perfectly flat band appears, to be α (3) = α (2) / √ 2 = 0.414, 1.57, 2.65, 3.731, 4.805, . . . . This is verified in Fig. 3 , where the band structure is computed numerically for the first two magic angles for the trilayer problem showing the existence of a perfectly flat band.
One particularly interesting feature here is that the first magic angle is larger by a factor of √ 2 which would make it easier to realize experimentally. There are two major differences from the bilayer problem. First, the flat band here coexists with a dispersing Dirac band which will likely make the physics of the trilayer system distinct from the TBG physics and will help distinguish whether band flatness or band isolation plays the bigger role in the correlated physics. Second, . Band structure at the first two magic angles for the trilayer n = 3 and quadrilayer n = 4 cases. We show the spectrum for the chiral limit κ = 0 (red, solid) as well as the realstic lattice relaxation value for κ at the corresponding angle [47] (blue, dashed). In the chiral limit, we can observe a perfectly flat band coexisting with a single Dirac cone at the K point for n = 3. For n = 4, the chiral flat band coexists with another tBG spectrum at non-magic angle. We can see that the flat bands for the first magic angle for n = 3 (upper left) and the first two magic angles for n = 4 (lower left and right) are stable to the addition of intrasublattice interlayer coupling κ = 0, whereas the flat band at the second magic for n = 3 (upper right) gets destroyed.
while the band structure for the flat band looks identical to the TBG band structure at the first magic angle θ ≈ 1.08 o , the actual scale for the Moiré pattern is determined by the actual angle θ ≈ 1.53 o which determines the scale of the gaps and the interaction. We stress that the mapping does not only apply for the spectra but also for the wavefunctions. As a result, the physics of the trilayer model (including the interaction effects) will be identical to the physics of TBG with all distances scaled down by a factor of √ 2 and with an extra Dirac band from an individual graphene layer.
For the quadrilayer case (n = 4), the matrix √ W T W has two eigenvalues λ 1,2 = αϕ ±1 , where ϕ = ( √ 5 + 1)/2 is the golden ratio, yielding two sequences of magic angles α (4) = α (2) /ϕ = 0.362, 1.373, 2.318, 3.261, 4.2, 5.138, 5.075, . . . and α (4) = α (2) ϕ = 0.948, 3.594, 6.069, 8.537, . . . . The quadrilayer T ± MG 4 maps to a sum of two TBGs and these two sequences correspond to points at which one of these two twisted bilayers hits a magic angle. The largest magic angle (the smallest α) in this case is θ ≈ 1.75 • -which is larger than the bilayer and trilayer cases.
We note that since the different magic angle sequences for a given n have incommensurate periods, we can find some values of α such that it is close to several magic angles from different sequences simultanuously. This happens for example for n = 5 for α ≈ 2.2 which is very close to the third magic angle in the first sequence (2.165) and the 2nd magic angle in the second sequence (2.221). Another example happens when n = 6 and α ≈ 1.275 which is very close to the second magic angle in the first sequence (1.23) and the first magic angle in the third sequence (1.32) . In both cases, there are two pairs of very narrow bands coexisting at 0 as shown in Fig. 4 .
It is instructive to consider the limit of large number of layers n → ∞. In this case, the eigenvalues of the matrix √ W T W are λ k = 2 cos( πk n+1 )α with k = 1, . . . , n e . These eigenvalues form a continuum from 0 to 2 which implies that there is a continuum of magic angles: whenever α > α (2) 1 /2 ≈ 0.293, we are always arbitrarily close to a magic angle descending from the first magic angle of TBG where at least a single band is perfectly flat band. Similarly, there is a flat band deriving from the second magic angle for α > α (2) 2 /2 ≈ 1.11. In general, there will be exactly k perfectly flat bands deriving from the first m TBG magic angles whenever α
m is the m-th magic angle of TBG. This suggests an intriguing connection to possible flat-band-related phenomena in some samples of turbostatic graphites, if its layers are naturally assembled in small but very random alternating twists [48] .
When the number of layers n is relatively small, it is still possible to achieve several flat bands at 0 simultanuously if we allow for different hopping parameters between different layers. So far, we have only considered the case where all the couplings α ij are equal which is naturally expected since all the graphene layers are indentical. Here, we consider the possibility that the coupling between layers is non-uniform. For instance, the coupling to the outer layers (top and bottom) may differ slightly from that between inner layers. Another possibility is to artificially tune the couplings by including thin layers of a dielectric material between some of the layers or by despositing adatoms on the top or bottom surfaces to change the interlayer potential. Our purpose in this discussion is to show that this is an interesting theoretical possibility leaving the question of experimental realizability to future studies. Let us now consider the simplest case with four layers n = 4 such that the coupling to the outer layers α 12 = α 34 = α 1 is different from the coupling between the middle layer α 23 = α 2 . In this case, we can achieve two perfectly flat bands simultanuously as follows: we require the two eigenvalues of the matrix √ W T W to be equal to the first two magic angles. A simple way to achieve this is to require the determinant and the trace of this matrix to be equal to the producet and sum of the first two bilayer magic angles α (2) 1,2 leading to the equations
which can be easily solved for α 1,2 yielding α 1 = α
1 α
(2) 2 = 1.14 and α 2 = |α
2 | = 1.635. The band structure for this choice of parameters is shown in Fig. 5 showing two perfectly flat bands.
Switching on intrasublattice couplings w AA . -We now consider non-zero intra-sublattice coupling w AA which in our notation corresponds to non-zero κ (cf. Eq. 5). The value of κ generally depends on the angle; it is expected to be close to 1 for α 0.25 then starts decreasing as α is increased [47] . In the following, we will use the values of the relaxation parameter κ computed for TBG [47] as an estimate for the multilayer problem although a more involved ab-initio calculation is needed to refine this value and account for complex lattice relaxation effects in multilayer systems.
In TBG, it is known that the flat bands at the first magic angle are a lot more stable than higher magic angles when κ is non-zero [29] . Our mapping implies that the flatbands in the multilayer model inherit the stability of the corresponding bilayer flat bands. That is, multilayer magic angles which descend from the first bilayer magic angle are significantly more stable than those descendent from higher magic angles.
For the trilayer case (n = 3), this means that the first magic angle α = 0.414 is stable for relatively large values of κ including the realistic value κ ≈ 0.7−0.8 estimated in Ref. [47] .
The second magic angle α = 1.57 is however significantly less stable and the flat band gets destroyed for realistic values of κ ≈ 0.4. For quadrilayer (n = 4), the situation is different since the first two magic angles α = 0.362, 0.948 are descendent from the first magic angle of TBG. In fact, the flat band α = 0.948 inherits the stability of the bilayer flat band while also having a significantly larger value for relaxation κ ≈ 0.5 which leads to extra stability. The flat bands for the first two magic angles for n = 3, 4 are shown in Fig. 3 for realistic values of the relaxation parameter κ and we can see that they are stable in all cases except the second magic angle for n = 3 as expected. The effect of κ on the n = 4 setup with different couplings leading to two perfectly flat bands can also be investigated and we find that it is relatively stable if we take κ ≈ 0.5 − 0.6 (cf. Fig. 5 ).
Possible issues regarding experimental realization. -Despite the interesting range of behaviour exhibited by T ± MG discussed in this work, there is one major limitation in achieving them experimentally which is the requirement that the layers are aligned on the atomic scale, i.e. the displacement vectors D l,l+1 defined in (4) were assumed to be equal. It is then crucial to investigate how our results are affected when we lift this assumption and consider unequal displacement vectors. In this case, the mapping to tBG is invalid but the Hamiltonian (1) is still translationally symmetric under the Moiré lattice translations (since the different Moiré potentials are only shifted relative to one another) and we can find the bandstructure within the Moiré Brillouin zone numerically.
For the trilayer case (n = 3), we can set the displacement D 12 to zero by shifting the origin leaving one relevant displacement D 23 = D. The bandwidth of the narrow band for κ = 0.8 and for different values of the shift vector D is shown in Fig. 6 . We can see that there is a range of D around 0 for which the bandwidth remains relatively small. For a reference, we can compare the bandwidth with the Coulomb energy scale given by U = e 2 θ 4π √ 3 0 a which in our dimensionless units is about 0.5 0 ≈ 0.1 (for 0 ≈ 5). This scale exceeds the bandwidth within the blue area surrounding D = 0 in Fig. 6 implying strong interaction effects for this range of displacements. We notice that non-zero displacement also has the effect of isolating the flat band by opening a small gap at the K point.
For the quadrilayer case (n = 4), we can set D 23 to zero leaving two different shift vectors D 12 and D 34 which affect the spectrum. However, if the quadrilayer system is made using the tear and stack method from the same TBG, then the displacements satisfy how it influences the bandwidth as shown in Fig. 6 . Similar to the trilayer case, we see that there is a range of displacements for which the bandwidth of the lowerst band is small compared to the interaction scale. We also see in this case that the flat bands become isolated for non-zero displacement.
It follows from the previous discussion that the inability to align layers perfectly is not likely to hinder the realization of the T ± MG setting proposed here since it would be enough to manufacture a few samples with random alignment until one where the shift vector is reasonably small (within the blue region in Fig. 6 ) is found.
It is worth noting that the same trick of repeated tear and stack can be used to ensure that the twist angles are exactly equal and opposite. For trilayers, after tearing a part of the sample, twisting and stacking it, one can simply tear another piece of the base monolayer sample and stack it on the top of the bilayer without any twisting. This should guarantee that the two twist angles are opposite angles to a very good accuracy. The same can be done for quadrilayer if we can build it by tearing and stacking a TBG, again without any additional twisting. Thus, we expect it to be possible to realize alternating twist angles of equal magnitude to a reasonable accuracy. We leave a detailed quantitative investigation of the effect of twist angle mismatch on the band structure to future works.
Conclusion. -In conclusion, we have introduced a model of twisted multilayer graphene focusing on the limit of aligned layers with alternating twist angle. We have shown that this model for n = 2 (n = 2 + 1) layers maps exactly to a sum of twisted bilayer models (plus a single layer model) with different twist angles. Such mapping enabled us to determine the pattern of magic angles for arbitrary n which is given by dividing the bilayer magic angles by 2 cos πk n+1 , k = 1, . . . , n/2 . Focusing on the trilayer and quadrilayer cases, we found that these models exhibit flat bands coexisting with other dispersing bands at zero energy and showed that such flat bands are relatively stable even when layer misalignment is taken into account. In addition, we found that for relatively large number of layers or when interlayer couplings are different, we can achieve several flat bands at zero energy simultanuously. Moreover, we show that there is a continuum of magic angles for θ 2 o in the limit of very large number of layers n → ∞. This might suggest an intriguing link to possible flat-band-related phenomena in some samples of turbostratic graphites, if its layers are naturally assembled in small but very random alternating twists [48] .
Note added. -During the preparation of this manuscript, a related preprint [49] discussing twisted trilayer graphene has appeared. That work considered a trilayer setting with commensurate twist angles with zero layer displacement. In contrast, our present work considers a general n-layer setting focusing on alternating twist angles and takes into account layer displacement effects.
